If a curve in R 3 is closed, then the curvature and the torsion are periodic functions satisfying some additional constraints. We show that these constraints can be naturally formulated in terms of the spectral problem for a 2 2 matrix di erential operator. This operator arose in the theory of the self-focusing Nonlinear Schr odinger Equation.
Introduction
In our article we shall study the periodic problem for the Filament Equation @~ (s; t) @t = k(s; t)b(s; t) (1) where (s; t) is t-dependent family of smooth curves in R 3 , s is a natural parameter on these curves, k(s; t) is the curvature,b(s; t) is the binormal vector (the necessary de nitions from di erential geometry are collected in Section 2). The Filament Equation describes the motion of a very thin isolated vortex lament in an incompressible unbounded uid. It was derived by Da Rios 4] in the year 1906 and rediscovered in the 60's by R. J. Arms, F. R. Hama, R. J. Betchov (see the historical article 17] for more details).
By a periodic problem we mean constructing solutions of (1) such that for any t = t 0 the curve (s; t 0 ) is closed: (s + l; t 0 ) =~ (s; t 0 )
Without loss of generality we shall assume the length l of the curve to be The periodic problem for NLS is well-studied (see Section 3). Unfortunately results from the periodic NLS theory can not be applied directly to the Filament Equation because the Hasimoto map (5) does not map periodic functions to the periodic ones. It is easy to check, that 1. For a generic closed curve~ (s+2 ) =~ (s) the corresponding potential q(s) is quasi-periodic: q(s + 2 ) = e i q(s): (6) 2. For a generic periodic potential q(s + 2 ) = q(s) neither~ (s) nor the velocity vectorṽ(s) are periodic.
The problem of constructing periodic algebro-geometric solutions of the Filament Equation (1) was studied by A. M. Calini in her Ph.D. dissertation 1]. In 1] a number of interesting results were obtained. In particular explicit exact solutions were constructed. Unfortunately, no characterization of periodic solutions of the Filament equation was given in 1]. As pointed out by S. P. Novikov, without such a characterization the periodic problem for (1) can not be considered as completely solved.
Thus we are faced with the following di erential-geometrical problem: If a curve in R 3 is closed, then the curvature and the torsion functions are also periodic. But the periodicity of the curvature and the torsion functions does not imply automatically that the corresponding curve is closed. To obtain a closed curve we have to add additional constraints on the curvature and the torsion. We show that these constraints can be naturally written in terms of the spectral problem for a 2 2 matrix di erential operator associated with NLS equation (see Sections 3, 4) .
Another interesting question associated with the Hasimoto map arose in the Hamiltonian theory of the NLS equation. J. J. Millson and B. Zombro have shown in 14] that the space of smooth isometric maps of the unit circle into R 3 modulo proper Euclidean motions has a natural K ahler structure. The imaginary part of this structure coincides with one of the higher NLS symplectic structures. In order to study this relation it is important to have an explicit description of the spaces connected by the Hasimoto map. We belive that the characterization obtained in Section 4 may be applied to this problem.
The problem of characterizing the spectral data corresponding to the periodic NLS solutions it rather non-trivial. A convenient approach to this problem based on the so-called isoperiodic deformations was suggested by the authors in 9]. In Section 5 we show that this approach can be naturally applied to the Filament Equation.
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It is easy to check that the following map: w = (w 1 ; w 2 ; w 3 ) !Ŵ = w 1 I + w 2 J + w 3 K:
is an isometry between the Euclidean space R 3 and the space of 2 2 skewhermitian matrices with inverse given by w In terms of these 2 2 matrices the system of equations (19) 
Starting from a curve~ (s) 2 R 3 we have thus constructed a potential q(s). Formula (29) coincides with the Hasimoto transformation (5).
Let us discuss the inverse map (the map from the space of complex-valued functions of one real variable to the space of curves in R 3 ). The proof of Lemma 1 is standard, so we will not present it here.
Remark 1 If the potential q(s)is known, so is the curvature and the torsion. (32) and the curve (s) is de ned uniquely up to an isometry (see for example 2]). However the reconstruction procedure described above is essential for the approach used in this article.
From Lemma 1 it follows directly:
Lemma 2 The curve~ (s) constructed in Lemma 1 is periodic with period l = 2 if and only if the following two conditions are ful lled:
1. The matrixÊ 1 (s) de ned by the formula (25) is periodic with period 2
2. The integral ofÊ 1 (s) over one period vanishes, i.e. 
The auxiliary linear problem and gauge transformations
The linear problem (36) is called the auxiliary linear problem for the NLS equation. It plays a crucial role in the inverse scattering method. We have a spectral problem for a rst-order ordinary di erential operator in the variable x, with a spectral parameter . This operator also depend on an additional parameter t. We shall study this spectral problem for a xed t = t 0 . Henceforth we will drop the t-dependence from the notations and write U(x; ), F(x; ), q(x) instead of U(x; t 0 ; ), F(x; t 0 ; ), q(x; t 0 ) respectively. Also we will rewrite (36) in the following form 
(It is well-known that is an integral of motion for the lament equations). Usually the quasi-periodic spectral theory is much more complicated than the periodic one. Fortunately in the present case we can handle the situation (this fact was pointed out in 7]). The reason is that the linear problem (42) Taking into account the gauge transformation properties of (42) we obtain the following modi cation of the reconstruction procedure described in Lemma 1. It is convenient to x a normalization of the Bloch functions by the condition 
is called the quasimomentum function. It's di erential dp Lemma 4 Let be a real point of the spectral plane, i.e. = .Then: 1. tr T( ) is a real function of and jtr T( )j 2.
2. lies in the spectrum of (42).
3. The point is regular if and only if jtr T( )j < 2. An analog of the nite-gap theory for generic periodic potentials can also be developed. For the rst-order matrix operators including the NLS case it was done by one of the authors (M.S.) in 18].
If tr T( ) = 2 then the matrix T( ) is diagonal T( ) =
Let us recall some useful formulas from 18].
Lemma 5 1. Let 2 C be a regular or a removable double point and let 1 and 2 = 1 be the pre-images of . Then dp( 1 ) = ? 
To prove part 1 let us assume that = 2 , = 1 + , ! 0. From the fact is a regular or a removable double point it follows that the Wronskian in the denominator of (68) is non-zero. Then (68) follows directly from (71).
To prove part 2 let us assume that = 1 , = 1 + where ! 0. The left-hand side of (71) has at least a second-order zero as ! 0, ( ( )? ( )) has a rst-order zero, thus the integral at the right-hand side of (71) vanishes as ! 0. This completes the proof. 4 Riemann surfaces corresponding to periodic curves
We now state the main result of our article. only if 0 is a double point of Y and dp( 1 ) = 0, dp ( 2 ) 
Thus a = 0 and?(x + 2 ) =?(x) if and only if dp( 0 ) = 0. Theorem 1 is proved.
Deformations of Bloch varieties and periodic solutions of the Filament Equation
It is well-known that if the Bloch variety is algebraic, then the solutions of the soliton equation can be written explicitly in terms of the Riemannfunctions. Such solutions are called algebro-geometric or nite-gap. But if we start from a generic algebraic Riemann surface, then the correspondingfunctional solutions are quasi-periodic in space. Riemann surfaces generating purely periodic solutions form a rather complicated transcendental subvariety in the moduli space of all Riemann surfaces (let us call it the \Periodic subvariety"). A characterization of this subvariety for the periodic Korteveg-de Vries equation in terms of conformal maps was obtained by V. A. Marchenko and I. V. Ostrovski in 13]. Another approach to construct periodic solutions of soliton equations is based on the so-called period preserving deformations of Riemann surfaces and it was suggested by the authors in 9]. Let us recall in brief the results of 9] concerning the self-focusing NLS equation. To explain our ideas, for the sake of transparency we shall consider generic algebrogeometric potentials only. The case of general periodic potentials can also be studied by the same method, but it requires some more details from the soliton theory.
Let q(x) be a generic non-singular algebro-geometric NLS potential with period 2 : q(x + 2 ) = q(x). Then the associated Bloch variety Y has the following properties:
1. Y has a nite even number of branch point 1 ,. . . , 2g+2 , Im k 6 = 0 for all k, the enumeration can be chosen such that 2k+2 = 2k+1 . g is called the genus of Y .
2. Y has two distinct points over = 1. Denote these points by 1 + and 1 ? . A local parameter in a neighborhoods of these points can be chosen as = 1= .
3. Y has no non-removable double points.
4. The quasimomentum di erential has the following representation: dp( ) = In the nite-gap theory the di erential dp( ) is called the quasimomentum di erential for both the periodic and the quasiperiodic solutions.
Assume now that we have a family of Riemann surfaces Y ( ) such that the following equations, introduced by I.M. Krichever 11] The function on the right-hand side of (87) is single-valued on Y and decays as ! 1 . Thus the deformation (87) a ects neither the periods of dp( ) nor the asymptotics of p( ) at in nity.
It is well-known that equation (87) The right-hand side of (89) involves hyperelliptic functions of the branch points because we have to calculate integrals (83) over periods of Y to determine the coe cients of q( ; ). In 9] it was shown that the system (89) can be naturally embedded into a slightly bigger system of ordinary di erential equations with a rational right-hand side.
Denote by k ( ), k = 1; : : : ; g + 1 the zeroes of the polynomial q( ; ) (we shall call them the zeroes of the quasimomentum di erential). In fact dp( ; ) has zeroes at both pre-images of each k ( ). Since we consider only generic surfaces, we may assume that all k ( ) are pairwise distinct. Lemma 7 Let ? k ( ) dp( ; ); = ( ):
where c k ( ) are arbitrary complex constants. Then the ow (87), generated by the di erential !( ; ) has the following representation: Then the ow (92) respects the symmetry 2j+2 ( ) = 2j+1 ( ). 2. Consider the subvariety of all hyperelliptic Riemann surfaces generating periodic solutions of the self-focusing NLS in the moduli space. Let Y be a generic point of this subvariety. Then the ows described above act locally transitive at this subvariety.
The rst statement of Lemma 8 follows directly from the formulas (92). To prove the last statement it is su cient to calculate the number of conditions in a generic point (see 9] for details).
The algorithm for constructing periodic solutions of the self-focusing NLS suggested in 9] is the following: Assume that we know at least one Riemann surface with 2g + 2 branch points generating such solutions. Such a surface can be constructed in a neighbourhood of a constant solution by methods of perturbation theory. Then integrating the system of ordinary di erential equations (92) we can construct all NLS solutions in a neighbourhood of the original one. (In fact, any NLS solution can be constructed by this method, but to reach some of them we have to pass through singular points of the system (92). ) Let us show that the method of 9] can be naturally applied to construct periodic solutions in the x-space of the Filament equation. (Let us recall that if the curve~ (x; t) is periodic in x for a xed t = t 0 , then it is periodic in x for all t and the x-period does not depend on t.) Theorem 2 Let Y be a hyperelliptic Riemann surface such that: 
This completes the proof of the rst part. A proof of the second statement can be extracted from 18].
